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Isolated systems consisting of many interact-
ing particles are generally assumed to relax to
a stationary equilibrium state whose macroscopic
properties are described by the laws of thermody-
namics and statistical physics. Time crystals, as
first proposed by Wilczek [1], could defy some of
these fundamental laws and for instance display
persistent non-decaying oscillations. They can be
engineered by external driving [6–8] or contact
with an environment [9, 10], but are believed to
be impossible to realize in isolated many-body
systems [2–5]. Here, we demonstrate analytically
and numerically that the paradigmatic model of
quantum magnetism, the Heisenberg XXZ spin
chain, does not relax to stationarity and hence
constitutes a genuine time crystal that does not
rely on external driving or coupling to an envi-
ronment. We trace this phenomenon to the ex-
istence of periodic extensive quantities and find
their frequency to be a no-where continuous (frac-
tal) function of the anisotropy parameter of the
chain. We discuss how the ensuing persistent os-
cillations that violate one of the most fundamen-
tal laws of physics could be observed experimen-
tally and identify potential metrological applica-
tions [11].
Many-body quantum systems typically relax to sta-
tionary states which depend only on few parameters
[12, 13]. In special cases they possess extensive (propor-
tional to the volume) conservation laws beyond energy or
particle number [14]. While additional symmetries pre-
vent them from reaching thermal equilibrium, systems
typically still relax to stationarity [15], described by gen-
eralized Gibbs ensembles (GGE) [13, 16]. Despite numer-
ous studies there have been no results on spontaneous
time translation symmetry breaking to date, save for a
trivial example of spin precession. While this might be
expected in light of the no-go theorem [4], there is a cru-
cial defining property underlying its derivation, which
we relax. It assumes that the system should exhibit
long range spatial correlations. The starting point of our
study is a one-dimensional Heisenberg spin chain. This
paradigmatic model is used to describe many experimen-
tally relevant situations including organic componounds
[17], various materials [18], cold atom implementations
[19], and quantum dots [20]. We show that it supports
persistent oscillations, and as such constitutes the first
example of a time crystal in isolated systems.
This behavior is connected to periodic extensive quan-
tities. These quantities are local in space and have a
periodic dependence on time. Asymptotic states in pres-
ence of such quantities can be described by introducing
the time-dependence in chemical potentials of statisti-
cal ensembles. Similar effects show up on the level of
dynamical response functions, which become asymptoti-
cally time-dependent.
Much of polemics and confusion related to time crys-
tals was due to the absence of clear definition. As noted
by Watanabe and Oshikawa [4], persistent oscillations
can be achieved simply by introducing the magnetic field
in a spin system without, or with the SU(2) invariant in-
teraction. On the other hand the time-crystaline behav-
ior should describes a genuine many-body phenomena.
In order to ensure that, we focus on the multi-point cor-
relation functions in interacting system. More precisely,
we requiring that a generic initial state leads to the time
periodicity of many-body observables 〈o(t+T )〉 = 〈o(t)〉,
and 〈o(t + t1)〉 6= 〈o(t)〉 for t1 < T , while a single body
observables relaxes to stationarity. Analogously to [4],
similar criteria can be applied to the dynamical suscep-
tibility 〈O(t)O〉〈O2〉 of an extensive observable O in thermal
ensemble.
Given the initial state without long range correlations,
an isolated system is expected to relax to the maximal en-
tropy ensemble ρGGE = exp(−
∑
j µjXj) locally, where
the set of chemical potentials µj is obtained by match-
ing the expectation values of extensive conservation laws
Xj [14] in the ensemble and the initial state [15]. The
situation is very different if the system possesses an ad-
ditional set of extensive periodic quantities Y and Y †.
Such quantities satisfy a simple closure (or eigenopera-
tor) condition
[H,Y ] = ωY, (1)
which leads to the periodic evolution Y (t) =
exp(iωt)Y (0) and Y (t)† = exp(−iωt)Y (0)†. In any iso-
lated system there is a large number of operators satis-
fying condition (1), however in general they are highly
nonlocal, and as such have no effect on local physics on
large timescales.
In order to understand how such quantities affect the
dynamics of local observables, we consider a discrete
time dynamics induced by Hamiltonian H with a period
2pi
ω , which renders Y and Y
† conserved. The station-
ary ensembles for the stroboscopic dynamics can be ob-
tained from the entropy maximization procedure, which
has to respect the conservation of all conserved quanti-
ties Xj , as well as periodic quantities Y and Y
†. This
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2leads to the GGE description ρGGE = exp(−
∑
j µjXj −
µY Y − µ¯Y Y †). If conserved quantities do not commute
this might in principle require redefinition of ensembles
[21, 22]. Stroboscopic time evolution of the state |ψ(t)〉
leads to different asymptotic states for t ∈ [0, 2piω ), which
we conjecture to take the form of time dependent gener-
alized Gibbs ensemble (tGGE)
ρtGGE = exp(−
∑
j
µjXj − µY (t)Y − µ¯Y (t)Y †). (2)
Furthermore, due to the purely harmonic time evolution
of the operator Y , one can infer the dynamics of chemical
potential µY (t) = µY (0) exp(−iωt). For more details see
the Methods section.
Periodic extensive quantities have profound conse-
quences for the asymptotic behavior of dynamical sus-
ceptibilities as well. In the large time limit we expect
that the observable O(t) can be represented as a linear
combination of conserved and periodic quantities
O(t) =
t→∞ αY exp(iωt)Y + h.c.+
∑
j
αjXj , (3)
for the sake of calculation of the dynamical susceptibil-
ities 〈O1(t)O2〉. In general the coefficients αY and αj
depend, not only on observable O, but also on the ther-
mal ensemble 〈•〉. For a more general treatment see the
Methods section and Supplemental Information.
In what follows, we will consider an example of the
anisotropic Heisenberg Hamiltonian
H =
∑
j
sxj s
x
j+1 + s
y
j s
y
j+1 + ∆s
z
js
z
j+1 + hs
z
j , (4)
and show that it breaks time-translation symmetry. In
equation (4) we introduced the spin− 12 operators sα,
anisotropy ∆, and the magnetic field h. One of the
crucial aspects of the Heisenberg model, which has a
paramount effect on physical properties are the extensive
conservation laws [23–26]. Their effects range from the
absence of thermalization to the ideal energy and spin
conductivity at any temperature. Despite the absence
of thermalization, Heisenberg model has in recent years
served as a testbed for studying equilibration properties
of strongly interacting systems. In what follows we will
show that in the easy plane regime −1 < ∆ < 1, it, in
general, never reaches equilibrium if h 6= 0.
This can be seen as a consequence of semi-cyclic quan-
tities, which were introduced in [26]. While they com-
mute with Hamiltonian (4) in the absence of the field
h = 0, one can show that they satisfy the closure con-
dition (1) for any value of the field h. Interestingly, the
frequency of their oscillations ω = hm is a discontinuous
function of the anisotropy parameter ∆ = cos(pinm ) (see
FIG. 1). Moreover an explicit structure of periodic quan-
tities depends finely on the exact value of anisotropy ∆,
since they are comprised of densities which have a sur-
plus of m local operators s+. Conversely, quantities Y †
FIG. 1. The period of the persistent oscillations of the many-
body observables as a function of the anisotropy ∆. Inset
shows a close up illustrating the no-where continuous (frac-
tal) nature of the curve. Note the asymmetry around ∆ = 0,
which can be remedied by appropriate symmetry transforma-
tion of the quantities Y [26].
have a surplus of local operators s−. This means that,
for instance, at ∆ = − 12 we will observe the persistent
oscillations of the three point transverse correlation func-
tion sx1s
x
2s
x
3 , while the oscillations of this observable will
be absent at any other value of ∆. Physically, such ob-
servables correspond to correlation of the three-site mea-
surement statistics - the average measured value of each
individual spin relaxes according to standard statistical
physics (or integrable generalization thereof [13]), but the
measured values will be such that on average their prod-
uct oscillates in time. Alternatively, they may be thought
of as oscillations of the higher moments of the m-site
quantum fluctuations (e.g. 〈(sx1 + sx2 + sx3)3(t)〉).
In Fig. 2 we plot the time evolution of the auto-
correlation function C(t) = 〈O(t)O〉〈O2〉 , for the observable
O =
∑
j s
x
j s
x
j+1s
x
j+2, and the infinite temperature ensem-
ble 〈•〉 = tr (•)tr (1) . Clearly C(t) does not equilibrate. Using
the arguments of the asymptotic expansion (3), we can
calculate the asymptotic behavior of the dynamical sus-
ceptibility analytically C(t) =
t→∞
1
64
(
27
√
3
pi − 8
)
cos(3t),
and obtain a perfect agreement with numerics. Inter-
estingly the oscillatory behavior seems to be stable un-
der small perturbations of ∆ on accessible time-scales.
As predicted by theory, we observe no oscilations of the
transverse magnetization O =
∑
j s
x
j . For more details
on calculations of dynamical response functions see the
Methods section and Supplemental Information.
In Fig. 3 we plot the time dependence of a local three
point correlation function o = s+j s
+
j+1s
+
j+2 + s
−
j s
−
j+1s
−
j+2
from the ferromagnetic initial state maximally polarized
in the x direction,
|ψ〉 = 2−N/2(| ↑〉+ | ↓〉)⊗n, (5)
as well as the one-point function o = s+j +s
−
j (single body
3FIG. 2. In the main figure we plot the dynamical suscepti-
bility for O =
∑
j s
x
j s
x
j+1s
x
j+2, and various values of ∆. The
oscillations seem to be very long-lived close to ∆ = −1/2
(i.e. at ∆ = −0.45). In the inset we compare the analytical
results for asymptotic shape of oscillations with numerics at
∆ = −1/2, and numerical results for relaxation of transverse
magnetization O =
∑
j s
x
j . All simulations were performed
with DMRG at N = 100.
FIG. 3. Quench simulations from the ferromagnetic initial
state maximally polarized in the x direction. The main fig-
ure shows o = s+j s
+
j+1s
+
j+2 + s
−
j s
−
j+1s
−
j+2 (blue) and o =
s+j + s
−
j (red) both for ∆ = −1/2 at different values of
the magnetic field h. The inset shows the time evolution
of o = s+j s
+
j+1s
+
j+2 + s
−
j s
−
j+1s
−
j+2 for two different values of
∆ at h = 1. All simulations were performed with DMRG at
N = 100.
observable). The main figure clearly shows relaxation of
the one-point function and persistent oscillations in the
three point function, illustrating the many body nature
of the time crystalline behaviour. Furthermore, we can
see that persistent oscillations are partially stable to per-
turbations in ∆ for the times reached by simulations.
Let us now briefly discuss possible experimental real-
izations of quantum time crystals. As mentioned previ-
ously, the Heisenberg XXZ spin chain is realized in many
physical systems [17–20]. Measurement of local on-site
equal-time many-body correlation functions, such as the
ones we study, is available through quantum gas micro-
scopes [19]. For experiments an important discovery is
that oscillations can be observed for a quench from the
ferromagnetic initial state (5), which can be engineered
[19]. Preparation and measurement of auto-correlation
functions is more involved, but can be achieved through
the use of ancilla qubits in Rydberg atoms (see Sup-
plementary Information for details). Another important
merit of our result from experimental standpoint is the
stability of oscilations with respect to perturbations. Our
results could potentially also have far-reaching applica-
tions in quantum metrology, as they offer, in theory, in-
finitely sensitive and precise measurement of the system
anisotropy. In cold atom simulations this can be directly
related to the strength of the external magnetic field used
to achieve Feshbach resonance of the spin-spin interaction
[19].
From the theory side, our work raises numerous ques-
tions. First of all, here we only focused on the lowest fre-
quency of oscillations at a given ∆, while in general the
state ρtGGE could support the complete harmonic spec-
trum ω = khm, for k ∈ N, provided that, for instance
tr (σx1 · · ·σxk×m ρtGGE) 6= 0. Furthermore, due to the non-
commutativity of the conserved and periodic quantities,
subtleties might arise in obtaining the correct form of
ρtGGE [21]. Secondly, throughout this letter we assumed
that the known set of quantities Y is complete. If this is
not the case, the tGGE description as well as the calcula-
tion of dynamical susceptibilities should be adapted. The
answers to these questions should be attainable by ex-
tending thermodynamic Bethe ansatz description [27], to
include additional quantities Y . Another exciting ques-
tion is whether the periodic quantities, and absence of
many-body equilibration has a counterpart in the realm
of classical physics, or is it purely quantum in nature.
In the latter case the phenomena would constitute one
of the first many-body quantum effects that can be ob-
served on large scales. Finally, the glimmers of simi-
lar periodic quantities have been identified in the locally
constrained models exhibiting quantum many-body scars
[28, 29]. This phenomena prevents system from relaxing
for a particular set of initial conditions, and has also been
observed experimentally [30].
Methods:
Time dependent generalized Gibbs ensemble
(tGGE). An important insight into phenomena of equi-
libration is provided by the Eigenstate thermalization
hypothesis in generic systems [12, 31–33], or general-
ized eigenstate thermalization hypothesis (GETH) in in-
tegrable systems [34]. It states that offdiagonal elements
of local observables in eigenbasis of local Hamiltonian
vanish exponentially in thermodynamic limit, and that
their expectation values in a given eigenstate are smooth
functions of conserved quantities.
Using the rationale of GETH one can expect that sys-
4tems will relax to the stationary density matrix [12, 16]
ρGGE ∝ exp(−
∑
k
µkXk), (6)
where I = {X1, X2, ...} denotes the set of conserved
quantities. While in general, the number of conserva-
tion laws in any quantum model increases exponentially
with system size, the only conserved quantities that are
relevant for local physics have to be extensive [1, 24–26].
The existence of pariodic extensive quantities Yl pre-
vents us from defining stationary distribution (6), since
their expectation value oscillates persistently. However,
assuming that all of the quantities oscillate with the same
frequency ω, they are conserved under the discrete map-
ping
Mω(Yl) = exp (i 2piHω−1)Yl exp (−i 2piHω−1). (7)
If we apply the map Mω repeatedly, we expect the sys-
tem to equilibrate to GGE with enlarged set of conserved
quantities I = {X1, X2, ..., Y1, Y2, ..., Y †1 , Y †2 }
ρGGE ∝ exp(−
∑
k
µkXk −
∑
l
(µYlYl + µ¯YlY
†
l )). (8)
As explained in the main text this is conjectured to lead
to the time dependent asymptotic state
ρtGGE(t) ∝ exp(−
∑
k
µkXk −
∑
l
(µYl(t)Yl + µ¯Yl(t)Y
†
l )).
(9)
The asymptotic non-stationary ensemble can now be ob-
tained by requiring that the expectation values of all con-
served quantities Xk are equivalent to their value in the
initial state, and that they reproduce the dynamics of
periodic extensive quantities
〈ψ|Yk(t)|ψ〉 = tr (Yk(t) ρtGGE) (10)
〈ψ|Xk|ψ〉 = tr (Xk ρtGGE). (11)
An important observation is that if the following set of
relations holds
tr (Y lkY
l′†
k′ ) = C δl,l′ ;
tr (Y lkY
l′
k′ ) = tr (X
l
kY
l′
k′ ) = tr (X
l
kY
l′†
k′ ) = 0,
(12)
equation (10) can be satisfied by the time dependent
chemical potentials associated with periodic quantities
µYk(t) = µ¯Y †k
(t) = µYk(0) exp(iωt). (13)
Note that the set of relations (12) is required in order to
correctly describe the time evolution of quantities Yk by
ρtGGE .
Asymptotic dynamics of correlation functions.
In order to obtain the dynamics of temporal correlation
function 〈Ok(t)Ol〉 with Ok =
∑
i s
x
i ...s
x
i+k−1, we will use
a standard method of hydrodynamical projection pre-
sented in the main text, specializing to the infinite tem-
perature ensemble 〈•〉 = tr (•)tr (1) . Conversely, the results
provide an asymptotic solution of the quench protocol
for any initial state of the form ρ =
∑
k∈2Z+1 ak Ok.
A starting point of the derivation is expression (3),
where we take into account that the set of extensive con-
served and periodic quantities is comprised of three sin-
gle parameter families: unitary conservation laws Xs(λ),
non-unitary conservation laws Z(λ), and semi-cyclic pe-
riodic quantities Y (λ). Since the conservation laws Xs(λ)
and Z(λ) preserve magnetization, they do not enter the
large time description of observables O, if we consider an
infinite temperature average. In this case the observable
Ok can be described asymptotically as
Ok(t) =
∫
dλ (exp(iωt)f(λ)Y (λ)+exp(−iωt)f¯(λ)Y †(λ)).
(14)
The function f(λ) and it’s complex conjugate f¯(λ) can
be obtained by projecting the expression (14) onto the
set of periodic quantities
〈OkY †(λ′)〉 =
∫
dλf(λ)〈Y (λ)Y †(λ′)〉 (15)
The overlaps 〈OkY †(λ′)〉, and kernels 〈Y (λ)Y †(λ′)〉 were
obtained in [26]. The system of equations (15) can be re-
duced to the convolution equation and solved in fourier
space. Using the solution f(λ), we can calculate the sus-
ceptibility matrix
〈Ok(t)Ol〉 =
t→∞ C cos(ωt), (16)
with
C =
∣∣∣∣2 ∫ dλf(λ)〈Y (λ)Ol〉∣∣∣∣ . (17)
For instance, setting the anisotropy parameter to ∆ =
− 12 , and k = l = 3 we get C = 164
(
27
√
3
pi − 8
)
. In general
the result is expressed as a double integral of elemen-
tary functions (see SM), and the constant which can be
calculated efficiently.
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6Supplementary information: The isolated Heisenberg magnet as a quantum time
crystal
S1. SEMI-CYCLICAL PERIODIC QUANTITIES
A starting point for constructing the conservation laws in Heisenberg model is the Lax matrix [1]
L(λ) =
1
sinh η
[
sin(λ+ η Sz) sin(η)S−
sin(η)S+ sin(λ− ηSz)
]
. (S1)
where the operators acting on the auxiliary space Sα have to satisfy the Uq(sl2) quantum group relations [2]
[S+,S−] = [2Sz]q, (S2)
q2S
z
S± = q±2S±q2S
z
. (S3)
The constant η relates to the anisotropy as ∆ = cos(η). There are three distinct families of extensive conserved
quantities in the anizotropic Heisenberg model if the magnetic field is absent h = 0. For our purpose, the relevant
family is the family of semicyclical conservation laws [3], which exist for the value of η = pinm , and cover the interval−1 < ∆ < 1 densely. These conservation laws are obtained from the (semi)cyclic representation of Uq(sl2) [4]
Sz =
m−1∑
n=0
(s− n)|n〉〈n|, (S4)
S+ =
m−2∑
n=0
(
[k + 1]q +
αβ
[2s− k]q
)
|n+ 1〉〈n|+ α|m− 1〉〈0|, (S5)
S− =
m−2∑
n=0
[2s− k]q|n〉〈n+ 1|+ β|0〉〈m− 1|, (S6)
where the q-deformation of a number [a]q corresponds to [a]q =
qa−q−a
q−q−1 . Note that quantities are conserved only for
even n and odd m. Conserved quantities are extensive in the region Re (λ) ∈ {pi2 − pim , pi2 + pim}, if the representation
parameters s = 0, and the derivative of the transfer matrix T (λ) is taken with respect to parameter β at β = α = 0
[3]
Y (λ) = [∂βT (λ)]β=0; T (λ) = tr a(L(λ)a,1 · La,2(λ) · ... · La,n(λ)). (S7)
What is important for our purpose is that this set of conservation laws does not commute with magnetization and
as a consequence with Heisenberg Hamiltonian if h 6= 0. It is, however, rather simple to show that they satisfy the
closure condition from the main text (1). This is a consequence of operators Y (λ) having a surplus of operators s+.
The local densities of magnetization are supported on a single site, implying that we can calculate the commutator by
considering a single site commutators of sz with s±,z,0, [sz, s±,z,0] = α±,z,0s±,z,0. Since αz,0 = 0, and α± = (−1) 1∓12
and Y comprises operators with a fixed surplus m of s+ we have
[
∑
i
szi , Y (λ)] = mY (λ). (S8)
Let us now briefly discuss some additional properties of quantities Y (λ). First of all, it is obvious that Y (λ)Y †(λ)
is conserved. Interestingly enough, for finite sizes quantities Y (λ) do not commute with Y †(λ). This property is
interesting, since the commutator of two local operator is a local operator, and we might expect that the commutator
of two quasilocal operators is quasilocal as well. This, however, is nontrivial to show. Furthermore, the commutator
of the operators A(λ, µ) = [Y (λ), Y †(µ)], is spin flip S = σx1 ⊗ σx2 ⊗ ... ⊗ σxn antisymmetric SA(λ, µ)S = −A(λ, µ)
by construction, and conserved for any value of the field h. Provided that the commutator is extensive it should
be expressible in terms of charges Z(λ) [5], A(λ, µ) =
∫
dν h(ν)Z(ν), since the set of the charges Z(λ) seems to be
complete [5–9]. Furthermore, one can check that quantities Y (λ) do not commute with A(λ, µ) for small systems,
and could in principle lead to new U(1) symmetry breaking charges. We, however, do not think that this is the case
for two reasons: firstly numerically obtained dynamical susceptibility describes the dynamical correlation functions
perfectly for ∆ = − 12 , and secondly semicyclic charges are closely related to the current carrying charges Z(λ), for
which, as already mentioned, there is a lot of evidence indicating their completeness.
7S2. TIME DEPENDENT DYNAMICAL SUSCEPTIBILITIES
In this section we discuss how to analyticaly obtain the asymptotic values of time dependent susceptibilities (au-
tocorrelation functions) for observables Ok =
∑
i σ
x
i ...σ
x
i+k−1, using the method of hydrodynamical projection [10].
First we focus on the infinite temperature case, and later discuss the general GGE case. The starting point is the
expression (14) from the methods section, which after the multiplication with Ol from the right yields
〈Ok(t)Ol〉 = Ck,l,m cos(ωt), (S9)
up to the phase factor, and m corresponds to the parametrization of anisotropy ∆ = cos(pinm ). The constant Ck,l,m is
Ck,l,m =
∣∣∣∣2 ∫ dλfk,m(λ)〈Y (λ)Ol〉∣∣∣∣ . (S10)
Note that we reintroduced indices k and m in the function f , and that Y (λ) are m dependent as well.
Let’s now focus on solving the equation (15), and in turn provide an explicit expression for constants Ck,l,m. The
starting point is the kernel derived in [3]
κm(λ, µ) = 〈Y (λ)Y †(µ)〉 = sinλ sin µ¯
2 sin2 η
sin(λ+ µ¯)
sin(m(λ+ µ¯))
. (S11)
Using the conjecture that the complete set of charges can be obtained as a power expansion of the continuous family
Y (λ) along the line λ = pi2 + i t wrt. t, we can restrict the discussion to the family of quantities Y (λ) with a single
real parameter
Km(λ, µ) = κm(
pi
2 + iλ,
pi
2 + iµ) =
cosh(λ) cosh(µ)
2 sin2 η
sinh(λ− µ)
sinh(m(λ− µ)) . (S12)
The overlap of Y (λ) with observable Ok reads [3]
Ok,m(λ) = 〈OkY †〉 = C(m, k)(coshλ)−k+2. (S13)
This leads to a set of Fredholm equation∫
dλ
cosh(λ) cosh(µ)
2 sin2 η
sinh(λ− µ)
sinh(m(λ− µ))fk,m(λ) = C(m, k)(coshµ)
−k+2, (S14)
which can be reduced to the set of convolution equations by rescaling the function fk,m(λ) = C(m, k)
2 sin2 η
cosh(λ)f
′
k,m(λ):∫
dλ
sinh(λ− µ)
sinh(m(λ− µ))f
′
k,m(λ) = (coshµ)
−k+1, (S15)
and solved in Fourier space
f˜ ′k,m(ζ) =
1√
2pi
A˜k(ζ)
K˜m(ζ)
. (S16)
Here we introduced the Fourier transform of the rhs (S15) A˜k(ζ) = FT [(coshλ)
−k+1], and conjecture its analytical
form
A˜k+1(ζ) =
Π
k/2−1
l=1 (ζ
2 + (2l)2)ζ
√
pi
2 csch(
piζ
2 )
(k−1)! ; k ∈ 2Z
Π
(k−1)/2
l=1 (ζ
2 + (2l − 1)2)
√
pi
2 sech(
piζ
2 )
(k−1)! ; k ∈ 2Z+ 1
(S17)
The kernel in Fourier space reads K˜m(ζ) = FT [
sinh(λ)
sinh(mλ) ],
K˜m(ζ) =
√
pi
2 tan
(
pi
m
)
m
(
cosh(piζm )
cos( pim )
+ 1
) , (S18)
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FIG. S4. The autocorrelation function for O =
∑
j s
x
j s
x
j+1s
x
j+2s
x
j+3s
x
j+4 at ∆ = cos
(
2pi
5
)
at infinite temperature. The period of
the persistent oscillations in consistent with the predicted ω = 5.
This implies that we can write the dynamical structure constants as
Ck,l,m =
∣∣∣∣4C(m, l) sin2 η ∫ dλcosh(λ)
∫
dζ exp(iζλ)f˜ ′k,m(ζ)
∫
dζ ′ exp(−iζ ′λ)A˜l−1(ζ ′)
∣∣∣∣ . (S19)
and finally the integration over dλ yields
Ck,l,m =
∣∣∣∣∣4pi C(m, l) sin2 η
∫
dζ dζ ′
f˜ ′k,m(ζ)A˜l−1(ζ
′)
cosh(pi2 (ζ − ζ ′))
∣∣∣∣∣ . (S20)
Specializing to the value η = 2pi3 , we conjecture the value of the constant in the expression for Ok,m(λ) is C(3, k) =√
3 3k−3/162
(k−m)
. In particular, if we set k = l = 3, we get the final result C3,3,3 =
1
64
(
27
√
3
pi − 8
)
. The function
C(k,m) can be obtained by evaluating k-th power C(k,m) = (−1)(k−m)〈m− 1|X(η)k|1〉 of matrix
X(η) = 12
(
m−2∑
k=0
sin(kη)|k〉〈k + 1|+ sin((k + 1)η)|k + 1〉〈k|
)
. (S21)
In general we can show for O with the smallest support with non-zero constant (namely, k = m) that C(m,m) =
1
2m
∏m−1
µ=2 sin(µη).
To illustrate another value of ∆ in Fig. S4 we show the autocorrelation function for O =
∑
j s
x
j s
x
j+1s
x
j+2s
x
j+3s
x
j+4
at ∆ = cos
(
2pi
5
)
.
S3. MEASUREMENT OF CORRELATION FUNCTIONS
In this discussion we focus on cold atom experimental setups [11], though other implementations may be possible.
The measurement of the local time correlation functions, such as o = 〈s+i s+i+1s+i+2〉 + h.c from the main text, can
be achieved by on-site quantum gas microscopy, as is discussed for two-point correlation functions in [12] in the
Fermi-Hubbard model. Combining existing techniques for simulating the XXZ spin chain with cold atoms [11] with
quantum gas microscopy would be required. Measurement of the examples for o from the main text can be done
by collecting the statistics of repeated measurements from the same initial state by measuring the local Hermitian
observables making up o, e.g. sxi s
y
i s
x
i , etc.
Measurement of the autocorrelation functions of the form 〈O(t)O〉/〈O〉2 is more involved, but it could be achieved
in three ways utilizing current technologies.
Firstly, one may collect the statistics of the joint probability distribution for O at different times. Preparing the
initial infinite temperature state could be accurately achieved by preparing a very high initial temperature state. This
should be followed by an application of the external magnetic field in the z-direction to avoid introducing szi terms in
the initial density matrix.
9Secondly, we may also easily observe that measuring 〈O(t)O〉 is equivalent to measuring 〈O(t)〉 for a quench from
an initial density matrix of the form ρ(0) = exp (µO) for very small µ (linear response regime). Such an initial state
could be prepared with Rydberg atoms. Introducing ancilla qubits to the XXZ spin chain setup would mimic local
three-site interactions of the form O =
∑
i s
x
i s
x
i+1s
x
i+2, as was proposed for a transverse-field Ising model, but in 2D
[13]. By tuning the external field as discussed in [13] we can make the a/µ in H = aHXXZ + µO very small for
small µ, thus realizing a state close to ρ(0). The field would then be quenched [13] such that a becomes large and
a homogenous magnetic field in the z-direction introduced. One may then measure O(t) with on-site techniques, as
discussed previously.
Thirdly, one can use the method of single-qubit interferometry [14] to measure the autocorrelation by measuring a
probe qubit as discussed in [15] for measuring the Green’s function in a strongly-correlated electronic system. This
would require adapting the same protocol for spins.
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